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THE FROBENIUS ACTION ON RANK 2 VECTOR BUNDLES OVER
CURVES IN SMALL GENUS AND SMALL CHARACTERISTIC
LAURENT DUCROHET
Abstrat. Let X be a general proper and smooth urve of genus 2 (resp. of genus 3)
dened over an algebraially losed eld of harateristi p. When 3 ≤ p ≤ 7, the ation
of Frobenius on rank 2 semi-stable vetor bundles with trivial determinant is ompletely
determined by its restritions to the 30 lines (resp. the 126 Kummer surfaes) that are
invariant under the ation of some order 2 line bundle over X . Those lines (resp. those
Kummer surfaes) are losely related to the ellipti urves (resp. the abelian surfaes)
that appear as the Prym varieties assoiated to double étale overings of X . We are
therefore able to ompute the expliit equations dening Frobenius ation in these ases.
We perform some of these omputations and draw some geometri onsequenes.
1. Introdution
Let k be a algebraially losed eld of positive harateristi p and let X be an irre-
duible, proper and smooth urve of genus g over k. Let Xs (s ∈ Z sine k is perfet) be
the ps-twist of X and let J (resp. Js) denote its Jaobian variety (resp. the p
s
-twist of its
Jaobian variety). Also, let Θ denote a symmetri prinipal polarization for J (assoiated
to a theta harateristi κ0). Denote by SX(r) the (oarse) moduli spae of semi-stable
rank r vetor bundles with trivial determinant over X . The map E 7→ F ∗absE denes a
rational map SX(r) 99K SX(r) the k-linear part Vr : SX1(r) 99K SX(r) of whih is alled
the (generalized) Vershiebung.
Our interest in this situation stems from the fat (see [LS℄) that a stable rank r vetor
bundle E overX orresponds to an (irreduible) ontinuous representation of the algebrai
fundamental group π1(X) in GLr(k¯) (endowed with the disrete topology) if and only if
one an nd an integer n > 0 suh that F
(n)
abs
∗
E ∼= E. Thus, natural questions about the
generalized Vershiebung Vr : SX1(r) 99K SX(r) arise like, e.g., its surjetivity, its degree,
the density of Frobenius-stable bundles (i.e., those vetor bundles whose pull-bak by
Frobenius iterates are all semi-stable), the loi of Frobenius-destabilized bundles...
For general (g, r, p), not muh seems to be known (see the introdutions of [LP1℄ and
[LP2℄ for an overview of this subjet).
We will fous on the rank r = 2 in low genus (g = 2 or 3) and we will let SX stand for
SX(2). When k = C, Narasimhan and Ramanan have given expliit desriptions for SX
as a subvariety of |2Θ|. Namely, SX is isomorphi to |2Θ| in the genus 2 ase (see [NR1℄)
and SX identies with the Coble quarti surfae in |2Θ| in the genus 3 non-hyperelliti
ase (see [NR2℄). These desriptions also hold over any algebraially losed eld of odd
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harateristi and V2 lifts to a rational map V˜ : |2Θ1| 99K |2Θ| (see Proposition 3.2 for the
genus 3 ase) given by a system of J [2]-equivariant homogeneous polynomials of degree
p.
In genus 2 and harateristi p = 3, Laszlo and Pauly gave in [LP2℄ the ubi equations
of V˜ in showing that this rational map oinided with the polar map of a quarti surfae,
isomorphi to KumX , embedded in |2Θ1|. The proof uses the fat that the ation of
Frobenius is equivariant under the ation of J [2] in odd harateristi as well as a striking
relationship (see [vG℄) between ubis and quartis on |2Θ1| that are invariant under the
ation of J [2]. For a general odd p, the base lous of V˜ oinides at least set-theoretially
with the lous of Frobenius destabilized bundles (i.e., those stable vetor bundle E suh
that F ∗E is unstable) and it has been muh studied (see [LnP℄ and [Os1℄).
In this artile, we shall suppose that the harateristi p of the base eld is odd. Given
a line bundle τ of order 2 over X and a τ -invariant (i.e., satisfying E ⊗ τ
∼
−→ E) semi-
stable degree 0 vetor bundle E, one an give E a struture of invertible OX ⊕ τ -module.
In other words, if π : X˜ → X is the degree 2 étale over orresponding to τ , there is
a degree 0 line bundle L over X˜ suh that E ∼= π∗(L). Beause π is étale, one has
F ∗abs(π∗(L))
∼= π∗(F
∗
abs(L)). Furthermore, requiring E to have trivial determinant fores L
to be in some translate of the Prym variety Pτ assoiated to π (whih has genus g − 1).
On the one hand, the assoiated morphism Pτ → |2Θ|
τ
fators through the Kummer
morphism Pτ ։ Pτ/{±} and, on the other hand, as multipliation by p over an abelian
variety ommutes with the inversion, it indues an endomorphism of Pτ/{±}. If g = 2,
the Prym varieties are ellipti urves and there are formulae (see [Si℄) that allow us to
ompute expliitly the k-linear part V˜τ : P
1 → P1 of this endomorphism. If g = 3, the
Prym varieties are Jaobian varieties of genus 2 urves and one an use the genus 2 ase
results.
Through representations of Heisenberg groups, we prove the key result of this artile
Theorem 1.1. Let k be an algebraially losed eld of harateristi p = 3, 5 or 7.
Let X be a smooth, proper, general urve of genus 2 or 3 over k. There is a rational
map V˜ : |2Θ1| 99K |2Θ| extending the generalized Vershiebung V2 : SX1 99K SX that is
ompletely determined by its restritions V˜τ : |2Θ1|
τ1 99K |2Θ| to the τ1-invariant lous of
|2Θ1|, τ1 ranging in the non zero elements of J1[2].
Therefore, one an expliitly ompute the equations of V2 : SX1 99K SX and we perform
these omputations in genus 2 and harateristi 3, 5 and 7, as well as in genus 3 and
harateristi 3.
In the genus 2 ase, we give the following generalization of the results of [LP2℄ in
harateristi 3 :
Proposition 1.2. Let X be a general, proper and smooth urve of genus 2 over an
algebraially losed eld of harateristi p. For p = 3, 5 or 7, there is a degree 2p − 2
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irreduible hypersurfae H in |2Θ1| suh that the equality of divisors in |2Θ1|
V˜ −1(KumX) = KumX1 + 2H
holds sheme-theoretially.
Randomly hoosing urves, the following pattern arises, analogous to the harateristi
3 ase : The base lous of V is stritly ontained in the singular lous of H . The latter
has dimension 0, is ontained in the stable lous of SX1 , as well as in the inverse image of
the singular points of KumX whih is 1-dimensional. Unfortunately, the Groebner basis
omputation required to hek this statement for the generi urve seems too heavy and
we ould not hek this result globally.
In the genus 3 ase, the results of [LP2℄ in harateristi 3 generalize as follows :
Theorem 1.3. Assume that X is a general, smooth and projetive urve of genus 3 over
an algebraially losed eld of harateristi 3.
There is an embedding α : CobX →֒ |2Θ1| suh that the ubi equations of the rational
map V˜ : |2Θ1| 99K |2Θ| lifting the generalized Vershiebung V2 : SX1 99K SX are given by
the 8 partial derivatives of the quarti equation of α(CobX) ⊆ |2Θ1|. In other words, V˜
is the polar map of the hypersurfae α(CobX).
In partiular, the base lous (equivalently, the lous of Frobenius destabilized bundle) is
the intersetion α(KumX)
⋂
CobX1.
All the omputations have been arried out using MAGMA Computational Algebra
System, on the servers MEDICIS hosted at the Eole Polytehnique.
I would like to thank Y. Laszlo for having introdued me to this question, for his help
and enouragements.
2. Vetor bundles and Theta group representations
2.1. Ation of J [2] on the moduli spae SX. Following [Ra, 1.8℄, there is a morphism
D : SX → |2Θ| mapping a (S-equivalene lass of) semi-stable rank 2 vetor bundle with
trivial determinant E to the unique eetive divisor in |2Θ| with support the set
(2.1) Supp D[E] = {j ∈ J |H0(X, E ⊗ j ⊗ κ0) 6= 0}
We will onsider the morphism b : J → SX dened by j 7→ [j ⊕ j
−1], the Kummer
morphism KX : J → |2Θ| whih maps J onto the Kummer variety KumX ∼= J/{±1}
and the morphism ϕ2Θ : J → |2Θ|
∗
assoiated to O(2Θ). Also, following [Be, Set. 2℄,
introdue the subvariety ∆ of SX with support the set
{[E] ∈ SX |H
0(E ⊗ κ0) 6= 0}
Proposition 2.1. (1) One has b∗(O(∆)) ∼= O(2Θ) and the map b∗ : H0(SX , O(∆)) →
H0(X, O(2Θ)) is an isomorphism.
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Identifying |2Θ|∗ and |∆|∗ via this isomorphism, the morphism ϕ∆ : SX → |2Θ|
∗
assoi-
ated to the linear system |∆| gives a ommutative diagram
(2.2)
J SX
|2Θ|∗
|2Θ|
❄❘
✒
✲
✲
✲
≀
b
KX
ϕ2Θ
D
ϕ∆
(where the vertial arrow is Wirtinger's isomorphism) [Be, Proposition 2.5℄.
(2) If g = 2, the morphism D is an isomorphism [NR1℄.
(3) If g = 3 and X is not hyperellipti, D is a losed immersion whose image is the Coble
quarti surfae CobX [NR2℄.
Dene ations of J [2] on SX and |2Θ| (hene on |2Θ|
∗
by duality) respetively by
(τ, [E]) 7→ [E ⊗ τ ], (τ, D) 7→ T ∗τD (where Tτ is the translation by τ on the Jaobian J)
All the maps in the diagram above are J [2]-equivariant (see [Be, Remark 2.6℄).
2.2. Theta groups and representations. Let A be any abelian variety over k and L
an ample line bundle A. Following [Mu2, Set. 1℄, let G(L) (resp. K(L)) be the group
sheme (resp. the nite group sheme) suh that, for any k-sheme S,
G(L)(S) = {(x, γ)| x ∈ A(S), γ : L
∼
−→ T ∗xL} (resp. K(L)(S) = {x ∈ A(S)| T
∗
xL
∼= L})
The ommutator in the theta group G(L) indues a non degenerate skew-symmetri bi-
linear form denoted by eL : K(L)×K(L)→ Gm. Suppose that K(L) is redued-redued,
i.e., K(L) is redued and its Cartier dual is also redued, then L is said to be of separable
type.
The ample line bundle O(2Θ) over J is of that kind and we introdue the following
notation :
W := H0(J, O(2Θ)), G(2) := G(O(2Θ)), e2, J := e
O(2Θ) : J [2]× J [2]→ µ2 ⊂ Gm
The vetor spaeW is the unique (up to isomorphism) irreduible representation of weight
1 of G(2) [Mu2, Set. 1℄. By duality, there is an ation (of weight -1) of G(2) on W ∗.
We write H = (Z/2Z)g and Hˆ = Hom((Z/2Z)g, k∗) (we identify H and Hˆ by means
of the bilinear form (α, β) 7→ tα.β with values in F2) and we onsider the assoiated
Heisenberg group H with underlying set k∗×H× Hˆ . We let E denote the non-degenerate
bilinear form on H × H¯ dened by the ommutator in H. Reall that a theta struture
φ˜ : H
∼
−→ G(2) on G(2) is entirely determined by the images of H and H¯ and a theta basis
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{Xα|α ∈ H} of W is anonially (up to multipliative salar) assoiated to it. It satises
the following properties :
β.Xα = Xα+β for any α, β ∈ H, α
∗.Xα = α
∗(α)Xα for any α, α
∗ ∈ H × Hˆ.
2.3. τ-invariant vetor bundles and étale double overs. Choose a non-zero element
τ of J [2] and onsider the assoiated double étale over π : X˜ := Spe(OX ⊕ τ) → X
with genus 2g − 1 (Hurwitz formula). Letting J˜ denote the Jaobian of X˜ , denote by
(2.3) Pτ := ker(Nm : J˜ → J)
0
the Prym variety assoiated to π, dened as the neutral omponent of kerNm (see [Mu3℄
for general properties of Prym varieties). The homomorphism σ : J × Pτ → J˜ dened
set-theoretially by (j, L) 7→ σ(j, L) := π∗(j) ⊗ L has redued-redued kernel Kσ. As π
is étale and π∗(z)2 ∼= O eX , π
∗(κ0 ⊗ z) is a theta harateristi for X˜. Denote by Θ˜z the
orresponding symmetri prinipal divisor on J˜ . One has the set-theoretial equality
SuppD[π∗L⊗ z] = (π
∗)−1Supp (T ∗LΘ˜z)
Proposition 2.2. (1) Choose an element z in Sτ = {z ∈ J | z
2 = τ}. Then, there is a
well-dened morphism
dτ, z : Pτ → SX
mapping L to [π∗L⊗z]. Furthermore, if π∗L⊗z is stritly semi-stable, then L is in Pτ [2].
A vetor bundle of this form is τ -invariant, i.e., it is equipped with an isomorphism
(π∗L⊗ z)⊗ τ
∼
−→ π∗L⊗ z.
Conversely, any τ -invariant semi-stable rank 2 vetor bundle with trivial determinant is
S-équivalent to π∗L⊗ z
′
for some L in Pτ and some z
′
in Sτ .
(2) There is a well-dened morphism
δτ, z : Pτ → |2Θ|
mapping L to the divisor (π∗)−1(T ∗LΘ˜z).
(3) The morphism δτ, z agrees with the omposite D ◦ dτ, z.
Proof. (1) Using projetion formula, one nds that the degree zero rank 2 vetor bundle
π∗L is semi-stable and non-stable if and only if (M, L
−1) lie in Kσ, i.e., if L ∼= π
∗M is
in Pτ [2]. Those statements hold after further imposing that L lies in Pτ and tensoring
by z. In this ase, det(π∗L ⊗ z) ∼= Nm(L) ⊗ τ ⊗ z
2
is trivial. The Poinaré line bundle
over X˜ × J˜ provides a family of rank 2 and trivial determinant vetor bundles over X
parameterized by Pτ and the oarse moduli property indues the morphism dτ, z. Beause
π∗τ is trivial, the projetion formula ensures that π∗L ⊗ z is τ -invariant. Conversely, a
τ -invariant vetor bundle with rank 2 and trivial determinant is isomorphi to π∗L for
some line bundle L on X˜ and the statement follows for determinant reasons.
(2) follows from [Mu3℄ and (3) is lear sine a divisor in |2Θ| is entirely determined by its
support. 
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2.4. Theta groups and Prym varieties. The Prym varieties Pτ is atually a prinipally
polarized abelian variety (see [Mu3℄, Setions 2 and 3). Choosing any symmetri prinipal
divisor Ξ on Pτ , the line bundle O(2Ξ) is anonial and one has
σ∗(O(Θ˜z)) ∼= O(2Θ)⊠O(2Ξ)
Therefore, [Mu1, Set. 23, Thm. 2℄ ensures that there is a unique level subgroup Kσ ∼= K˜σ
in the Heisenberg group G(O(2Θ) ⊠ O(2Ξ)) suh that σ∗(O(2Θ) ⊠ O(2Ξ))
eKσ ∼= O(Θ˜z).
Denote by τ˜ := τ˜ (z) the image of τ via the lifting Kσ
∼
−→ K˜σ. It follows from [Mu3,
Setions 4 and 5℄ that there is a unique (up to multipliative onstant) isomorphism
(2.4) χ : H0(J, O(2Θ))<eτ>
∼
−→ H0(Pτ , O(2Ξ))
∗
of Heisenberg representations and that the morphism δτ, z : Pτ → |2Θ| fators as the
omposite
Pτ
ϕ2Ξ
−−→ PH0(Pτ , O(2Ξ))
∗ ∼−→ PH0(J, O(2Θ))eτ ⊂ |2Θ|
where the (anonial) isomorphism is dedued from χ.
Remark 2.3. Notie that the set Sτ is prinipal homogeneous under the ation J [2] and
hek that τ˜(z + α) = e2, J(α, τ)τ˜ (z). In partiular, τ˜(z) = τ˜(−z).
3. The ation of Frobenius
3.1. Theta groups in harateristi p. For any sheme S over k, we introdue the
p-twist S1 of S and the (relative) Frobenius F : S → S1 (whih is k-linear by ontrast
with Fabs), both dened by the following ommutative diagram
S
s ❘
❘
S1 S
Spec k Spec k
✲
✲
❄ ❄
Fabs
i

F
Fabs
where the square is artesian. Apart from J1 and SX(r)1, dene Θ1 (resp. ∆1) as the
p-twists i∗Θ (resp. i∗∆). As before, dene
W1 := H
0(J1, O(2Θ1)), G1(2) := G(O(2Θ1)), e2, J1 := e
O(2Θ1)
Assume from now on that X is an ordinary urve. The line bundle O(pΘ1) is no longer
of separable type but Sekiguhi proved in [Se℄ that the main results about theta groups
proved by Mumford in ase of line bundles of separable type an be extended in that ase
(we refer to [LP1, Setion 2℄). Beause p is odd, [p ] indues identity on J [2] and the
restritions F : J [2] → J1[2] and V : J1[2] → J [2] are isomorphisms, inverse one to eah
other, whene a natural ation of J [2] on the spaes SX1 , |2Θ1|...
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3.2. Finding equations for the Frobenius ation on vetor bundles. In the ase
of vetor bundles, denote by Vr : SX1(r) 99K SX(r) and all (generalized) Vershiebung
the pull-bak by F : X → X1 . The diagram
(3.1) SX1 SX
J1 J✲
❄ ❄
✲
V
V2
b1 b
ommutes and that means that V2 : SX1 → SX extends V : J1 → J . In [LP2, Prop. 7.2℄,
one nds the isomorphism
(3.2) V ∗2 (O(∆))
∼= (O(p∆1))|U
where U is the omplementary open subset of the base lous B in SX1 .
Proposition 3.1. If X is either a genus 2 urve or a non hyperellipti genus 3 urve,
there is a J [2]-equivariant lifting V˜ : |2Θ1| 99K |2Θ| of the rational map V2 : SX1 99K SX .
Proof. The proposition is equivalent to the existene of a J [2]-equivariant rational map
V˜ : |2Θ1|
∗
99K |2Θ|∗ suh that the following diagram ommutes
SX1 SX
|2Θ1|
∗ |2Θ|∗
✲
✲
❄ ❄
ϕ∆1 ϕ∆
V2
V˜
In other words, one has to nd a fatorization
(3.3) W
eV ∗
−→ SympW1
ϕ∗
∆1−−→ H0(SX1 , O(p∆1))
of V ∗2 : W → H
0(SX1 , O(p∆1)), where the rst arrow denes a J [2]-equivariant map
V˜ : |2Θ1| 99K |2Θ|
∗
, and where the last oinides with the anonial evaluation map.
Let us rst prove the existene of a not neessarily J [2]-equivariant map V˜ .
Lemma 3.2. (1) If X has genus 2, there is a rational map V˜ as in diagram (3.2). It is
dened by 4 homogeneous degree p polynomials uniquely determined.
(2) If X is a general genus 3 urve (it is in partiular non hyperellipti), the moduli spae
SX is projetively normal in |2Θ|. Therefore, there is a rational map V˜ as in diagram
(3.2). It is dened by 8 homogeneous degree p polynomials, uniquely determined modulo
the Coble's quarti.
Proof. (1) The base lous B is known to be nite (see [LnP℄) and [Os1℄) hene of has
odimension ≥ 2 and the isomorphism (3.2) extends to an isomorphism V ∗2 (O(∆))
∼=
O(p∆1). Beause the morphism ϕ∆ : SX → |2Θ|
∗
is an isomorphism in that ase, there
is a map V˜ suh that the diagram (3.2) ommute and it is uniquely determined.
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(2) The work of Mohizuki (see [Mo℄ and [Os2, Thm 4.4℄) ensures that the base lous
B has dimension 2. Beause SX has dimension 6 in that ase, the isomorphism (3.2)
extends again to an isomorphism V ∗2 (O(∆))
∼= O(p∆1). Beause SX (resp. SX1 is normal
and omplete intersetion in |2Θ|∗ (resp. |2Θ1|
∗
), it is projetively normal in |2Θ|∗ (resp.
|2Θ1|
∗
) (see [Ha, II, Exerise 8.4.(b), p. 188℄). Letting O|2Θ1|∗(n) denote the n-th power
of the anonial twisting sheaf on |2Θ1|
∗
, the anonial evaluation map, whih oinides
with
H0(|2Θ1|
∗, O|2Θ1|∗(p))
∼= SympW1
ϕ∗
∆1−−→ H0(SX1 , O(p∆1))
is therefore surjetive with kernel isomorphi to the image of
H0(|2Θ1|
∗, O|2Θ1|∗(p− 4))
∼= Symp−4W1
CX1−−→ H0(|2Θ1|
∗, O|2Θ1|∗(p))
∼= SympW1 
Remark 3.3. In the ase of a (general) genus 3 urve, and in harateristi 3 (the only ase
in whih we will perform the omputations), the rational map V˜ is uniquely determined.
Beause J [2] does not at on setions but on multipliative lasses, we need to dene
ations of the orresponding Heisenberg group G(2).
Lemma 3.4. There is a Theta group homomorphism G(2) → G1(2) of weight p. In the
ases of the previous lemma, it indues a weight p2 ation of G(2) on both SympW1 and
H0(SX1 , O(p∆1)), ompatible with the evaluation map.
Proof. We hek that the denition of [Mu2, p. 310℄ an be generalized in our ase.
Namely, there is a homomorphism of Heisenberg groups ηp : G(O(2pΘ1)) → G1(2) map-
ping any γ : O(2pΘ1)
∼
−→ T ∗xO(2pΘ1) in G(O(2pΘ1)), ηp(γ) to the unique isomorphism
ρ : O(2Θ1)
∼
−→ T ∗p xO(2Θ1) suh that the omposite
[p ]∗O(2Θ1)
∼
−→ O(2p2Θ1)
γ⊗p
−−→ T ∗xO(2p
2Θ1)
∼
−→ [p ]∗T ∗p xO(2Θ1)
oinides with [p ]∗ρ. It raises elements of the enter to the p-th power and the omposite
homomorphism ηp ◦ V
∗ : G(2)→ G1(2) has therefore weight p.
Using p-symmetri power, G1(2) has a natural weight p ation on Sym
pW1 and om-
posing, it gives a weight p2 ation of G(2) on SympW1. Beause the evaluation map
SympW1 → H
0(SX1, O(p∆1)) is an isomorphism in genus 2 and has kernel invariant
under the ation of G(2) in ase of a general genus 3 urve, it indues a weight p2 ation
of G(2) on H0(SX1, O(p∆1)). 
Beause V˜ ∗ is linear, there is no hane that it an be G(2)-equivariant. We therefore
dene the subgroup G(2)[2] of order 2 elements in G(2) and onsider the indued ations
on W , SympW1 and H
0(SX1 , O(p∆1)). Beause V
∗
2 : W → H
0(SX1 , O(p∆1)) is linear
and omes from the J [2]-equivariant map V2 : SX1 99K SX , it is G(2)[2]-equivariant.
Choose a theta struture on G(2) and let {Xh, h ∈ H} denote the assoiated theta basis.
Assume that the map V˜ provided by the Lemma above is not J [2]-equivariant. Despite
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V˜ ∗(X0) might not be Hˆ-invariant, its lass in H
0(SX1 , O(p∆1)) is for V
∗
2 is G(2)[2]-
equivariant. The element
V ′0 :=
1
2g
∑
h∗∈Hˆ
h∗(V˜ ∗(X0))
in (SympW1)
Hˆ
is Hˆ-invariant and maps onto V ∗2 (X0). Dening V
′
h := h.V
′
0 , the map
W → SympW1 dened by Xh 7→ V
′
h is G(2)[2]-equivariant and indues V
∗
2 . The assoiated
map V ′ : |2Θ1|
∗
99K |2Θ|∗ is J [2]-equivariant and we have proved the proposition. 
Remark 3.5. One heks that [p ]∗i∗γ = V ∗(F ∗i∗)γ = V ∗(γ⊗p) = (V ∗ γ)⊗p for any γ in
G(O(2pΘ1)). Therefore, the homomorphism ηp ◦ V
∗
oinides with the homomorphism
i∗ : G(2)→ G1(2) indued by the pull-bak by the quasi-isomorphism i. In partiular, for
any two elements α¯ and β¯ in J [2],
e2, J1(F (α¯), F (β¯)) = e2, J(α¯, β¯)
p
Beause J [2] is redued and beause e2 takes its values in µ2, we nd that F (hene V ) is
a sympleti isomorphism. This implies that the hoie of a Göpel system for J [2] (resp.
a theta struture on G(2)) determines a Göpel system for J1[2] (resp. a theta struture
H1
∼
−→ G1(2) (where H1 := H ⊗Fabs, k k)), and that the assoiated theta bases {Xα}α∈H
and {Yα1}α1∈H1 are ompatible in the sense that Yα1 = i
∗XV (α1).
3.3. Frobenius ation and Prym varieties. The funtoriality of Frobenius is also
ompatible with the orrespondene between order 2 line bundles over X and double
étale overs of X . If F is the relative Frobenius, [SGA1, I.11℄ says that the diagram
(3.4)
X˜ X˜1
X X1
✲
✲
❄ ❄
F
F
pi pi1
is artesian. As a onsequene, the morphisms π∗ : J → J˜ and Nm : J˜ → J ommute
with V .
Proposition 3.6. The following diagram
J × Pτ
J1 × Pτ1
✻
J˜1
J˜✲
✲
✻
σ
σ1
VV × Vτ
is ommutative.
Furthermore, σ indues an isomorphism J [p ] × Pτ [p ]
∼
−→ J˜ [p ]. In partiular, if J is an
ordinary abelian variety, then J˜ is ordinary if and only if Pτ is ordinary.
Proof. The Prym variety
Pτ1 := ker(Nm)
0 ⊆ J˜1
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oinides with the p-twist of Pτ := ker(Nm)
0 ⊆ J˜ and it is mapped by V to Pτ . The
restrition V|Pτ1 : Pτ1 → Pτ oinides with the Vershiebung Vτ : Pτ1 → Pτ for Pτ and the
ommutation of the diagram follows from the the fat that V is a homomorphism and
ommutes with π∗.
The isomorphism J [p ]×Pτ [p ]
∼
−→ J˜ [p ] follows from the inlusion ker σ ⊆ J [2]×Pτ [2] and
the hypothesis p ≥ 3. Beause X was supposed to be ordinary, the last assertion omes
from the fat that the ordinariness of any abelian variety an be read on the redued part
of its p-torsion. 
For later use, let us mention the following result due to Nakajima, proving that for a
suiently general urve X , all the abelian varieties appearing in the Proposition above
are ordinary (one an nd a proof in [Zh℄).
Proposition 3.7. Let X be a general, proper and smooth onneted urve over an alge-
braially losed eld of harateristi p and let f : Y → X be an étale over with abelian
Galois group G. Then Y is ordinary.
Choose an element z in Sτ = {z ∈ J | z
2 = τ} ⊂ J [4] and let z1 be F (z) (equivalently
i∗z). Let νp be 0 if p ≡ 1 mod 4 and be 1 if p ≡ 3 mod 4, then
F ∗z1 = V (z1) = (−1)
p−1
2 z = z ⊗ τ νp
Therefore, for any L1 of Pτ1 , the artesian square (3.4) gives
F ∗((π1)∗(L1)⊗ z1) ∼= π∗(F
∗(L1))⊗ F
∗z1 ∼= π∗(F
∗(L1))⊗ z ⊗ τ
νp ∼= π∗(F
∗(L1))⊗ z
Assuming that the urve X is suiently general, the Proposition 3.7 ensures that all the
Prym varieties are ordinary and one an hoose symmetri prinipal divisors Ξ and Ξ1 on
Pτ and Pτ1 respetively suh that O(pΞ1)
∼= V ∗τ O(Ξ) [LP1, Lemma 2.2℄.
Let ϕ2Ξ be the anonial map Pτ ։ Pτ/± ⊆ |2Ξ|
∗
and dene ϕ2Ξ1 analogously. Let
V ±τ : Pτ1/± → Pτ/± be the morphism indued by Vτ : Pτ1 → Pτ (whih ommutes with
[−1]). Assume that, as in the diagram (3.2), there is a J [2]-equivariant rational map
V˜ : |2Θ1| 99K |2Θ| lifting V2 : SX1 99K SX . Restriting the map V˜ to |2Ξ1|
∗
(whih
identies with one of the two onneted omponents of |2Θ1|
τ1
) yields a rational map
V˜|2Ξ1|∗ : |2Ξ1|
∗
99K |2Ξ|∗ that lifts the morphism V ±τ : Pτ1/± → Pτ/±. Therefore, one
obtains the following ommutative diagram
(3.5)
Pτ
Pτ1
Pτ/±
Pτ1/±
|2Ξ|∗
|2Ξ1|
∗
|2Θ|τ
|2Θ1|
τ1
|2Θ|
|2Θ1|
✲ ⊆ ⊆ ⊆
✲ ⊆ ⊆ ⊆
✻ ✻ ✻ ✻
ϕ2Ξ
ϕ2Ξ1
Vτ V
±
τ V˜|2Θ1|∗ V˜
In terms of oordinates funtions, we have therefore proven the following :
Proposition 3.8. Assume that X is proper and smooth genus g = 2 or 3 urve over k,
suiently general. Then, for any non zero τ in J [2], there is a Pτ [2]-equivariant map
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V˜τ : |2Ξ1|
∗
99K |2Ξ|∗ suh that the pull-bak V ∗τ : H
0(Pτ , O(2Ξ)) → H
0(Pτ1, O(2pΞ1))
fators as the omposite
H0(Pτ , O(2Ξ))
eV ∗τ−→ SympH0(Pτ1 , O(2Ξ1))→ H
0(Pτ1 , O(2pΞ1))(3.6)
where the last arrow is the evaluation map.
Letting τ˜ (resp. τ˜1) be the order 2 lift of τ in G(2) (resp. τ1 in G1(2)) assoiated to z
(resp. z1), V˜τ agrees (up to a multipliative salar) with the restrition
V˜|(W eτ )∗ :
(
W eτ
)∗
−→ Symp
(
W eτ11
)∗
4. The proof of the Theorem 1.1
From now on, we hoose one for all a theta struture φ˜0 : H
∼
−→ G(2) and we let
{Xα, α ∈ H} be the assoiated theta basis. It gives a system of homogeneous oordinates
{xα, α ∈ H} for |2Θ|. Reall from Remark 3.5 that this hoie also determines a theta
struture φ˜1 : H1
∼
−→ G1(2), hene a theta basis for W1 and oordinate funtions for |2Θ1|
adapted to the ation of J [2] that we denote {Yα|α ∈ H} and {yα|α ∈ H} respetively.
Also, given τ = (α0, α
∗
0) in H × Hˆ , reall that the hoie of a lift τ˜ = (µ, α0, α
∗
0) (with
µ2 = α∗0(α0)) determines a lift τ˜1 = (µ
p, α0, α
∗
0) of τ1 in H1. Fiw one for all a square root
µ0 of −1 in k. We will take µ = 1 if α
∗
0(α0) = 1 and µ = µ0 otherwise.
4.1. From geometry to linear algebra. The diret sum Symp (W eτ11 )
∗⊕ Symp (W−eτ11 )
∗
(whih depends only on the hoie of τ) is endowed with an ation of H of weight p2 and
the quotient map
SympW ∗1 → Sym
p (W eτ11 )
∗ ⊕ Symp (W−eτ11 )
∗
is equivariant for the ation of H on both spaes. Taking all order 2 elements of J [2]
together, we nd a morphism of H-representations
R : Sym pW ∗1 → Sp :=
⊕
τ∈ J [2]\{0}
Symp (W eτ11 )
∗ ⊕ Symp (W−eτ11 )
∗.
Beause V˜ is given by a linear sub-spae of Sym pW ∗1 , isomorphi to W
∗
and endowed
with an (irreduible) ation of G(2) of weight p2, it is determined by its H¯-invariant part
and Theorem 1.1 follows from the Proposition
Proposition 4.1. When g = 2 or 3 and p = 3, 5 or 7, the restrition map
Rˆ : (Sym pW ∗1 )
Hˆ → Sp
is injetive.
Remark 4.2. Certainly, a neessary ondition is that
dimSympW ∗1 =
(
2g + p− 1
2g − 1
)
≤ dimSp = 2(2
2g − 1)
(
2g−1 + p− 1
2g−1 − 1
)
.
This annot be the ase for large p. More preisely, when g = 2, dim SympW ∗1 > dim Sp
for p > 7, and when g = 3, dim SympW ∗1 > dim Sp for p > 11.
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4.2. Preparation in small genus. Sine Sym pW ∗1 is generated by the free family of
monomials
∏
α∈H y
eα
α with
∑
eα = p, (Sym
pW ∗1 )
Hˆ
is generated by the subfamily onsist-
ing of elements whose set of exponents satises∑
α∈H|α∗0(α)=−1
eα ≡ 0 mod. 2 for all α
∗
0 in Hˆ.
Writing suh an element under the form
∏
α∈H y
e¯α
α
[∏
α∈H y
fα
α
]2
with e¯α = 0 or 1 and∑
e¯α + 2
∑
fα = p, we nd that ∑
α∈H| e¯α=1
α = 0.
It is easily seen that E an be {0} and H−{0}. In genus 2, these are the only possibilities.
In genus 3, one also has to onsider the ase where E has ardinal 3 and E ′ = {0} ∪E is
a ardinal 4 subgroup of H (the set of suh subgroups is in 1-1 orrespondane with the
set of non zero elements of Hˆ). Consider therefore the sets
A(p) =
Af = y0
[∏
α∈H
yfαα
]2
,with |f | =
p− 1
2

B(p) =
Bf = ∏
α∈H−{0}
yα
[∏
α∈H
yfαα
]2
,with |f | =
p− 2g + 1
2

and
C(p) =
Cα∗, f = ∏
α∈H−{0}, α∗(α)=1
yα
[∏
α∈H
yfαα
]2
,with α∗ in Hˆ − {0} and |f | =
p− 3
2

(where f is, in eah ase, the multi-index (fα, α ∈ H) with |f | =
∑
fα).
To ompute the image of these monomials in the various Symp (W eτ11 )
∗⊕Symp (W−eτ11 )
∗
,
it is onvenient to distinguish whether τ is an element of Hˆ or not. In the rst ase, the
following lemma is straightforward
Lemma 4.3. For a given τ = τ˜ = α∗0, all the monomials in A(p), B(p) or C(p) map to
0 in Symp (W−eτ11 )
∗
. The only monomials in A(p)
⊔
B(p) (resp. A(p)
⊔
B(p)
⊔
C(p)) not
mapping to 0 in Symp (W eτ11 )
∗
are those that an be written under the form
Af = y0
 ∏
α∈H,α∗0(α)=1
yfαα
2
(resp. as well as
Cα∗0, f =
∏
α∈H−{0}, α∗
0
(α)=1
yα
[∏
α∈H
yfαα
]2
and they all map to a dierent monomial in Symp (W eτ11 )
∗
.
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4.3. Proof of Proposition 4.1 in the genus 2 ase. As indiated above, a basis of
(Sym pW ∗1 )
Hˆ
in genus 2 is the (disjoint) union of the two sets A(p) and B(p).
Lemma 4.4. Assume that
(4.1) V0 =
∑
A(p)
afAf +
∑
B(p)
bfBf
maps to zero in Sp. Then, for any integer 0 ≤ k ≤
p−1
2∑
f00+f01=k and f01+f11 even
af = 0;
∑
f00+f01=k and f01+f11 odd
af = 0
∑
f00+f10=k and f10+f11 even
af = 0;
∑
f00+f10=k and f10+f11 odd
af = 0∑
f00+f11=k and f10+f11 even
af = 0;
∑
f00+f11=k and f10+f11 odd
af = 0
and we have analogous equalities for the bf (with 0 ≤ k ≤
p−3
2
).
Proof. Choose a non zero α0 in H and for τ = (α0, α
∗
0), let τ˜ be dened as above. In
partiular, τ˜1 = (µ
p, α0, α
∗
0). A generating system for W
eτ1
1 (resp. W
−eτ1
1 ) is
{(Yα + τ˜1.Yα), (α ∈ H)} (resp. {(Yα − τ˜1.Yα), (α ∈ H)})
Sine one has τ˜1.Yα = µ
pα∗0(α)Yα+α0 , one nds, letting y¯α denote the lass of yα in (W
eτ1
1 )
∗
,
that y¯α+α0 = µ
pα∗0(α)y¯α. Similarly, letting y¯α denote also the lass of yα in (W
−eτ1
1 )
∗
(there
will be no risk of onfusion), one nds that y¯α = −µ
pα∗0(α)y¯α.
Choose a non zero α in H suh that H =< α0, α >. Then Af maps to
(4.2) α∗0(α0)
fα0+fα+α0
(
y¯
1+2(f0+fα0 )
0 y¯
2(fα+fα+α0)
α
)
in both Symp (W eτ11 )
∗
and Symp (W−eτ11 )
∗
. Similarly, the monomial Bf maps to
(4.3) α∗0(α).α
∗
0(α0)
fα0+fα+α0
(
y¯
1+2(f0+fα0)
0 y¯
2(fα+fα+α0)
α
)
in both Symp (W eτ11 )
∗
and Symp (W−eτ11 )
∗
.
Speially, x α0 = 01, hoose α = 10 and a positive integer k, and look at the
oeient of the monomial y¯1+2k00 y¯
p−1−2k
10 in the image of V0 in Sym
p (W eτ11 )
∗
for all the
elements τ = (01, α∗0) in J [2]. Using (4.2), (4.3) above, we nd the following expressions
(α∗0 = 00) :
∑
f00+f01=k
af +
∑
f00+f01=k
bf
(α∗0 = 01) :
∑
f00+f01=k
(−1)f01+f11af −
∑
f00+f01=k
(−1)f01+f11bf
(α∗0 = 10) :
∑
f00+f01=k
af −
∑
f00+f01=k
bf
(α∗0 = 11) :
∑
f00+f01=k
(−1)f01+f11af +
∑
f00+f01=k
(−1)f01+f11bf
If Rˆ(V0) = 0, we easily derive from the expressions above the rst line in the equations of
the statement for both the af 's and the bf 's. Repeating the proess with α0 = 10 or 11,
α = 01 in both ases, and letting k vary through the relevant sets proves the lemma. 
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The proof of proposition 4.1 in genus 2 now boils down, using Lemmas 4.3 and 4.4, to
an easy exerise of linear algebra left to the reader.
4.4. Proof of Proposition 4.1 in the genus 3 ase. In genus 3, a basis of (Sym pW ∗1 )
Hˆ
in the (disjoint) union of the three sets A(p), B(p) and C(p). The following lemma is
very similar to the analogous Lemma in genus 2 ase, though more ompliated and more
inonvenient to write down. We leave the proof to the reader and we simply indiate the
triks we found useful to do the omputations. For any non zero α0 in H , we will hoose
a subgroup H(α0) in H , not ontaining α0, suh that H(α0) and α0 together generate
H (it is analogous to the hoie of an element α in the proof of Lemma 4.4). Notie
that H(α0) inherits an ordering from the lexiographi order on H . More speially,
we will hoose H(001) = {000, 010, 100, 110}, H(010) = H(011) = {000, 001, 101, 101},
and H(α0) = {000, 001, 010, , 011} otherwise. For any multi-index f , let [f ]α0 denote the
4-tuple (fα + fα0+α)α∈H(α0) (with lexiographi order). Also, let Σα0f stand for the sum∑
α∈H(α0)
fα0+α. We will keep on denoting by |f | the sum
∑
fα for any n-tuple.
Lemma 4.5. Assume that
V0 =
∑
A(p)
afAf +
∑
B(p)
bfBf +
∑
C(p)
cα∗, fCα∗, f
maps to zero in Sp. Then, for all 4-tuples k = (k00, k01, k10, k11) of positive integers suh
that |k| = p−1
2
and for all non-zero α0 in H, we have the equalities∑
[f ]α0=k and Σα0 (f) even
af +
∑
[f ]α0=(k00, k01−1, k10−1, k11−1) and Σα0 (f) even
bf = 0
and ∑
[f ]α0=k and Σα0 (f) odd
af +
∑
[f ]α0=(k00, k01−1, k10−1, k11−1) and Σα0 (f) odd
bf = 0
Also, for all 4-tuples k = (k00, k01, k10, k11) of positive integers suh that |k| =
p−3
2
and
for all non-zero α0 in H, we have the equalities∑
[f ]α0=k and Σα0 (f) even
cα∗, f = 0 and
∑
[f ]α0=k and Σα0 (f) odd
cα∗, f = 0
for all α∗ in Hˆ − {0}.
Combining the data given by the Lemmas 4.3 and 4.5, we redue one again our problem
to an easy question of linear algebra. Nonetheless, it involves a large number of unknowns
and equations and those equations should not be written bluntly sine a few (easy) triks
simplify the matter onsiderably.
5. Ellipti urves, Kummer's quarti surfae and Coble's quarti
hypersurfae
In this setion, we give some preparation for the omputations to ome in the next
setion.
FROBENIUS ACTION ON VECTOR BUNDLES IN SMALL ODD CHARACTERISTICS 15
5.1. Kummer's quarti surfae and assoiated ellipti urves. Let us begin with
realling some well-known results dealing with the geometry of the Kummer's quarti
surfae. Proofs an be found in [GD℄ (PhD thesis) or in [GH℄ in the omplex ase but
they an be arried over to any algebraially losed base eld k of harateristi dierent
from 2.
Lemma 5.1. (1) Let X be a smooth and projetive genus 2 urve over k and let J be its
Jaobian. The sheme-theoreti image of the morphism KX : J → |2Θ| identies with the
quotient of J under the ation of {±}. It is a redued, irreduible, J [2]-invariant quarti
in |2Θ| with 16 nodes and no other singularities, i.e., a Kummer surfae.
(2) In the oordinate system {x•} dened above, there are salars k00, k01, k10 and k11
suh that the equation dening the Kummer quarti surfae KumX is
(5.1) KX = S
K + 2k00P
K + k01Q
K
01 + k10Q
K
10 + k11Q
K
11
where
SK = x400 + x
4
01 + x
4
10 + x
4
11, P
K = x00x01x10x11,
QK01 = x
2
00x
2
01 + x
2
10x
2
11, Q
K
10 = x
2
00x
2
10 + x
2
01x
2
11, Q
K
11 = x
2
00x
2
11 + x
2
01x
2
10.
(3) These salars k00, k01, k10 and k11 satisfy the ubi relationship
(5.2) 4 + k01k10k11 − k
2
01 − k
2
10 − k
2
11 + k
2
00 = 0
and one has
(5.3)

k01 6= ±2, k10 6= ±2, k11 6= ±2,
k01 + k10 + k11 + 2± k00 6= 0,
k01 + k10 − k11 − 2± k00 6= 0,
k01 − k10 + k11 − 2± k00 6= 0,
−k01 + k10 + k11 − 2± k00 6= 0
Let τ = (α0, α
∗
0) be a non zero element of J [2] = H × Hˆ . Fix an order 2 lift τ˜ of τ in
H as in the previous setion. The spae W splits in the diret sum W = W eτ ⊕W−eτ of
the two 2-dimensional spaes of eigenvetors of τ˜ . Denote by ∆+(τ˜) (resp. ∆−(τ˜)) the
orresponding projetive lines in |2Θ|. Again, one an nd a non zero α = α(τ) in H suh
that the images x¯0 and x¯α (of x0 and xα respetively) via the anonial mapW
∗
։ (W eτ )∗
give a set of homogeneous oordinates for ∆+(τ˜). We will write λ0 for x¯0 and λ1 for x¯α.
Remark 5.2. We an similarly onstrut a system of oordinates {λ¯0, λ¯1} for ∆
−(τ˜).
Via Wirtinger's isomorphism, it gives dually a basis {Λ0, Λ1, Λ¯0, Λ¯1} of W that splits
into bases {Λ0, Λ1} and {Λ¯0, Λ¯1} of W
eτ
and W−eτ respetively. One then noties that
this is the theta basis assoiated to a suitable theta struture on G(2).
Restrited to∆+(τ˜), the equation of the Kummer surfae redues, up to a multipliative
salar, to
(5.4) λ40 + λ
4
1 + ωλ
2
0λ
2
1 = 0
where ω := ω(τ) depends on τ but not on our partiular hoie of a lifting τ˜ of τ . In
partiular, the equation of the Kummer surfae restrits in the same way to ∆−(τ˜). The
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points of ∆+(τ˜) ∩ KumX orrespond to the four points of Pτ [2] (in partiular, ω 6= ±2)
and they must have homogeneous oordinates (a : b), (a : −b), (b : a) and (b : −a),
whene ω = −
a4 + b4
a2b2
. It is easy to ompute the various ω(τ) in terms of the k•. Namely,
(5.5)
α0 α
∗
0 = 00 α
∗
0 = 01 α
∗
0 = 10 α
∗
0 = 11
00 ⋆ k10 k01 k11
01
2(k00 + k10 + k11)
2 + k01
2(−k00 + k10 − k11)
2− k01
2(−k00 + k10 + k11)
2 + k01
2(k00 + k10 − k11)
2− k01
10
2(k00 + k01 + k11)
2 + k10
2(−k00 + k01 + k11)
2 + k10
2(−k00 + k01 − k11)
2− k10
2(k00 + k01 − k11)
2− k10
11
2(k00 + k01 + k10)
2 + k11
2(k00 + k01 − k10)
2− k11
2(−k00 + k01 − k10)
2− k11
2(−k00 + k01 + k10)
2 + k11
Notie that the inequations (5.3) ensure that those oeients are well-dened salars,
and they give another reason why ω(τ) annot equal ±2. Beause an ellipti urve E is
ompletely determined by the branh lous of its Kummer map E → E/{±} ∼= P1, these
data allow one to determine the ellipti urve Pτ arising as the Prym variety assoiated
to the double over orresponding to τ .
5.2. Coble's quarti and assoiated Kummer surfaes. Now, X is a non hyperel-
lipti urve of genus 3 over k. Take τ = (α0, α
∗
0) to be non-zero and x a lift τ˜ in H. The
spae W splits again in the diret sum W = W eτ ⊕W−eτ of the two 4-dimensional spaes
of eigenvetors τ˜ and we let ∆+(τ˜ ) and ∆−(τ˜ ) denote the orresponding projetive spae
P3 in |2Θ|. Again, one an nd a ardinal 4 subgroup H(τ) of H suh that the images
x¯α of xα (α in H(τ)) via the anonial map W
∗
։ (W eτ )∗ give a set of homogeneous
oordinates for ∆+(τ˜). This set of oordinates will be denoted λ00, λ01, λ10, λ11 in suh a
way that the lexiographial order is respeted and if α is in H(τ), we will write x¯α = λα¯
(with our onventions, α 7→ α¯ is an group isomorphism). In partiular, x¯0 = λ0¯ = λ00.
The following results are also well-known (the reader may refer to [Co℄, [GH℄ and [Pa℄).
Lemma 5.3. There is a unique J [2]-invariant quarti CobX in |2Θ| whose singular lous
is the Kummer variety KumX assoiated to X.
If τ is a non zero element of J [2] and if ∆ ∼= P3 is one of the two onneted omponents
of |2Θ|τ , then the intersetion ∆ ∩ CobX is isomorphi to the Kummer surfae Kumτ
assoiated to the genus 2 urve Yτ whose Jaobian variety is isomorphi to the Prym
variety Pτ orresponding to the double étale overing X˜ → X assoiated to τ .
The hypersurfae CobX is ompletely determined by the data of the 63 Kummer surfae
Kumτ dened above.
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For later use, we give some details on the last point, involving some alulations. Using
the theta struture we have hosen, the equation of CobX goes under the form
(5.6) CX = S
C +
∑
α∈H−{0}
γαQ
C
α +
∑
α∗∈Hˆ−{0}
δα∗P
C
α∗
where, letting αˆ denote the dual of α in Hˆ,
SC =
∑
β∈H
x4β ; Q
C
α =
∑
β∈H| αˆ(β)=1
x2βx
2
β+α; P
C
α∗ =
∏
β∈H|α∗(β)=1
xβ +
∏
β∈H|α∗(β)=−1
xβ.
One again, the appliation α∗ 7→ {β ∈ H|, α∗(β) = 1} gives a one-to-one orrespondene
between the set Hˆ − {0} and the set H4 of ardinal 4 subgroups of H . If G is element
of H4, we denote by α
∗
G the orresponding element of Hˆ − {0} (in suh a way that
G = {β ∈ H|, α∗G(β) = 1}) and we dene δGP
C
G := δα∗GP
C
α∗
G
.
Restrited to ∆+(τ˜ ), the equation CX of the Coble's quarti hypersurfae redues, up
to a multipliative salar, to the equation of a Kummer surfae whose oeients depend
only on τ (and not on τ˜ ). Those oeients k00(τ), k01(τ), k10(τ), k11(τ) are determined
in terms of the γα's and the δα's. Namely, one nds that either
(5.7) 2k00(α
∗
0) = δα∗0 and kα¯(α
∗
0) = γα for all non zero α in H(τ)
if α0 = 0 or
(5.8)
k00(τ) = 2
δH(τ) +
∑
G∈H4|G∩H(τ)=<α1>,α∗G(α0)=−1
α∗0(α + α0)δG
2 + α∗0(α0)γα0
and kα¯(τ) =
2(γα + α
∗
0(α0)γα+α0) + δ<α, α0>
2 + α∗0(α0)γα0
for all non zero α in H(τ)
6. Performing the omputations
6.1. Multipliation by p on an ellipti urve. We refer the reader to [Si℄ where it
is explained how one an reover the group law on an ellipti urve E via its geometry.
More speially, there are dupliation and addition formulae (see [Si, III,2℄) given for an
ane model y2 = x(x−1)(x−µ) of E as well as the division polynomials in harateristi
p ≥ 5 (see [Si, Exerise 3.7℄) whih are muh more onvenient when implemented with a
omputer. As the ation of {±} ommutes with multipliation by p, the latter indues a
map P
1 → P1 dened by two homogeneous polynomials of degree p (say D and N) with
x 7→ N(xp)/D(xp) and the map indued by Vershiebung is dened by x 7→ N(u)/D(u).
The omputations yield
Lemma 6.1. In harateristi p = 3,
N(u) = u(u+ µ(µ+ 1))2 and D(u) = ((µ+ 1)u+ µ2)2
In harateristi p = 5,
N(u) = u
[
u2 − µ(µ+ 1)(µ2 − µ+ 1)u+ µ4(µ2 − µ+ 1)
]2
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and
D(u) =
[
(µ2 − µ+ 1)
[
u2 − µ2(µ+ 1)u
]
+ µ6
]2
In harateristi p = 7,
N(u) = u
[
u3 + 2µ(µ+ 1)(µ− 2)(µ− 4)(µ2 + 3µ+ 1)u2
+µ4(µ+ 1)2µ− 2)(µ− 4)(µ2 + 1)u+ µ9(µ+ 1)(µ− 2)(µ− 4)
]2
and
D(u) =
[
(µ+ 1)(µ− 2)(µ− 4)
[
u3 + µ2(µ+ 1)(µ2 + 1)u2
+ µ6(µ2 + 3µ+ 1)u
]
+ µ12
]2
Remark 6.2. These results are onsistent with the lassiation of supersingular ellipti
urves in small harateristis (see [Ha, Chapter IV, Examples 4.23.1, 4.23.2 and 4.23.3℄).
Choose non-zero salars a and b suh that ω = −
a4 + b4
a2b2
is dierent from ±2 (in
partiular, a 6= ±b). There is a unique linear automorphism of P1 mapping (a : b) to
0, (a : −b) to 1 and and (b : a) to ∞. It maps (b : −a) to the point (µ : 1) with
µ =
(
b2 + a2
2ab
)2
=
2− ω
4
. Letting λ0, λ1 denote the orresponding pair of homogeneous
of P1, the homogeneous polynomials Q0 and Q1 orresponding to N and D under this
linear transformation an be exhanged by the ation of a suitable element of E[2] and
the omputations yield expressions that depend only on ω and not on the hoie of a and
b as expeted
Lemma 6.3. With the notations given above, one has
• p = 3. Q0(λ0, λ1) = λ
3
0 − ωλ0λ
2
1.
• p = 5. Q0 = λ
5
0 + ω(ω
2 + 2)λ30λ
2
1 + (ω
2 + 2)λ0λ
4
1.
• p = 7. Q0 = λ
7
0 − 2ω(ω
4 − 1)λ50λ
2
1 + ω
2(ω2 − 1)(ω2 − 2)λ30λ
4
1 − ω(ω
2 − 1)λ0λ
6
1.
Remark 6.4. Using the expression of ω in terms of µ, the hart (5.5) as well as the remark
6.2 allow one to give a more preise desription of the lous of the Kummer surfaes suh
that the orresponding genus 2 urves only have ordinary Prym varieties. Namely, viewing
the set of Kummer surfaes as an open subset of the double overing of the ane 3-spae
A
3
given by equation (5.2), one has to exlude the inverse image of a nite set of ane
planes in A3. Therefore, one an easily say when a Coble quarti has assoiated Kummer
surfaes suh that the orresponding genus 2 urves only have ordinary Prym varieties
(there is a nite set of linear relations that the oeients of the Coble quarti should
not satisfy) and these form a dense subset in the set of all Coble quartis. Together with
the Proposition 3.7, this ensures that a general genus 3 urve is ordinary, that all of its
Prym varieties Pτ are ordinary, and that if Yτ is the genus 2 urve assoiated to Pτ , then
all the Prym varieties of Yτ also are ordinary.
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6.2. Equations of V˜ for p = 3. Let us start with the genus 2 ase and provide an
alternative proof to the following result of Laszlo and Pauly ([LP2, Thm 6.1℄ where the
result is proven for any urve, not only a general one).
Theorem 6.5. Let X be a general smooth and projetive urve of genus 2 over an alge-
braially losed led of harateristi 3.
(1) There is an embedding α : KumX →֒ |2Θ1| suh that the equality of divisors in |2Θ1|
V˜ −1(KumX) = KumX1 + 2α(KumX)
holds sheme-theoretially.
(2) The ubi equations of V˜ are given by the 4 partial derivatives of the quarti equation
of the Kummer surfae α(KumX) ⊆ |2Θ1|. In other words, V˜ is the polar map of the
surfae α(KumX).
Proof. Beause X is general, all its Prym varieties are ordinary (Proposition 3.7). Let V0
be a generator for the Hˆ-invariant part of V˜ ∗(W ) in SympW1. For g = 2 and p = 3, it
omes under the form
V0 = y
3
00 + a01y00y
2
01 + a10y00y
2
10 + a11y00y
2
11 + by01y10y11
We use the Lemmas 4.3 and 4.4, the hart (5.5) and the Lemma 6.3 to obtain
(6.1) V0 = y
3
00 + 2k01y00y
2
01 + 2k10y00y
2
10 + 2k11y00y
2
11 + 2k00y01y10y11
Then, one an dedue the Vα := V˜ (xα) (α = 01, 10, 11) by permuting suitably the
oordinate funtions y• in V0. Notie that Vα is the partial (with respet to yα) of a
quarti surfae with equation
S + 2k00P + k10Q01 + k01Q10 + k11Q11
(with S, P, Q01, Q10 and Q11 as in Lemma 5.1) hene isomorphi to KumX . Thus, the
seond point above is proven.
The inverse image V˜ −1(KumX) an be omputed expliitly as it is dened by the pull-
bak V˜ ∗(KX) of the equation (5.1). In other words, a few more omputations enable us
to reover the rst assertion of the Theorem. Namely, one knows (see Diagram (3.1)) that
the equation KX1 of KumX1 divides V˜
∗(KX). The exat quotient V˜
∗(KX)/KX1 oinide
with the square of KX . 
This geometri interpretation of V˜ in genus 2 and harateristi 3 has an analogous
interpretation of the unique V˜ lifting the generalized Vershiebung in genus 3 and har-
ateristi 3, namely the theorem 1.3.
Proof of the Theorem 1.3. The proposition 3.1 and the Remark 3.3 ensure the existene
and the uniqueness of V˜ : |2Θ1| 99K |2Θ| lifting V2 : SX1 99K SX whih is given by
a system of 8 ubis. Beause X is general, the Remark 6.4 tells us that the assoiated
Prym varieties (that are ordinary by Proposition 3.7) are general enough to have Kummer
surfaes for whih the previous theorem is valid. Let V0 be the only Hˆ-invariant ubi of
this system of 8 ubis. In the same way as in genus 2, we use the Lemmas 4.3 and 4.5,
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the equations (5.7) and (5.8) (instead of the hart (5.5)), and the Theorem 6.5 (instead
of the Lemma 6.3) to obtain
V0 = y
3
0 + 2γ001y0y
2
001 + 2γ010y0y
2
010 + 2γ011y0y
2
011
+ 2γ100y0y
2
100 + 2γ101y0y
2
101 + 2γ110y0y
2
110 + 2γ111y0y
2
111
+ δ001y010y100y110 + δ010y001y100y101 + δ011y011y100y111
+ δ100y001y010y011 + δ101y010y101y111 + δ110y001y110y111 + δ111y011y101y110
Then, one dedues the Vα := V˜ (xα) by permuting suitably the oordinate funtions y• in
V0and heks that Vα is the partial (with respet to yα) of a quarti hypersurfae with
equation
SC +
∑
α∈H−{0}
γαQ
C
α +
∑
α∗∈Hˆ−{0}
δα∗P
C
α∗
as in the Subsetion 5.2, hene isomorphi to CobX . 
6.3. Equations of V˜ for p = 5 and 7 and geometri onsequenes. For these har-
ateristis, we have only performed the alulations in the genus 2 ase. The equations
obtained are already huge and interpretation requires (muh time to) omputational soft-
wares. In muh the same way as we proved the Theorem 6.5, we prove the following
Proposition 6.6. Let X be a general proper and smooth urve of genus 2 over an alge-
braially losed eld of harateristi 5. There are oordinate funtions {xα} and {yα} for
|2Θ| and |2Θ1| respetively suh that the Kummer surfae KumX in |2Θ| has an equation
of the form (5.1) and suh that, if Vα(y) = V˜
∗(xα), then
V00 = y
5
00 + a1100y
3
00y
2
01 + a1010y
3
00y
2
10 + a1001y
3
00y
2
11 + a0200y00y
4
01 + a0110y00y
2
01y
2
10
+a0101y00y
2
01y
2
11 + a0020y00y
4
10 + a0011y00y
2
10y
2
11 + a0002y00y
4
11
+b00y
2
00y01y10y11 + b01y
3
01y10y11 + b10y01y
3
10y11 + b11y01y10y
3
11
with
a1100 = k01(k
2
01 + 2), a1010 = k10(k
2
10 + 2), a1001 = k11(k
2
11 + 2),
a0200 = (k
2
01 + 2), a0020 = (k
2
10 + 2), a0002 = (k
2
11 + 2),
a0110 = 3k11(k
2
00 + k
2
11) + k01k10(1− k
2
11),
a0101 = 3k10(k
2
00 + k
2
10) + k01k11(1− k
2
10),
a0011 = 3k01(k
2
00 + k
2
01) + k10k11(1− k
2
01),
b00 = 2k00(k
2
00 + 1)− k00k01k10k11,
b01 = k00(k01 + 3k10k11), b10 = k00(k10 + 3k01k11), b11 = k00(k11 + 3k01k10)
where the ki are the oeients of the equation (5.1) of KumX . The Vα (α = 01, 10, 11)
an be dedued from V00 by a suitable permutation of the oordinate funtions yi, namely
the unique pairwise permutation that exhanges y00 and yα.
Remark 6.7. In harateristi 7, one has the same kind of statement exept that V0 is
now the sum of 30 monomials, whose oeients are as above polynomials (of degree at
most 7) in the parameters k•.
FROBENIUS ACTION ON VECTOR BUNDLES IN SMALL ODD CHARACTERISTICS 21
Let us reall some features of the geometry of the map V˜ : |2Θ1| 99K |2Θ| when
g = 2 and p = 3 exhibited in [LP2℄. First, there is an irreduible redued hypersurfae
H = α(KumX) of degree 2p− 2 = 4 in SX1 suh that the equality of divisors
V˜ −1(KumX) = KumX1 + 2H
holds in SX1 and suh that base lous of V˜ oinides with the singular lous of H . Seond,
H ontains 16 urves (namely, onis ontaining 6 of the 16 singular points of H) eah of
whih was ontrated by V˜ on a singular point of KumX . Therefore, the inverse image of
the singular lous of KumX by V˜ is 1-dimensional and ontains all the singular points of
H .
We tried to hek these properties in harateristi 5 and 7 in exploiting the equations
we ould ompute. Unfortunately, most of these assertions require a Groebner basis
omputation whih seems beyond the apaities of the mahines (or the software) used
when working with the generi urve (that is to say over the extension
L := Fp(k01, k10, k11)[k00]/(k
2
00 − k
2
01 − k
2
10 − k
2
11 + k01k10k11 + 4)
of the prime eld Fp as eld of oeients). Still, we ould prove Proposition 1.2.
Proof of the proposition 1.2. Dene the eld L as above and R as the L-graded algebra
generated by y00, y01, y10 and y11. The homogeneous polynomials V00, V01, V10 and V11
dene a endomorphism of L-graded algebras V˜ ∗ : R → R. Letting K (resp. K1) be the
equation (5.1) of the Kummer surfae KumX in |2Θ| (resp. KumX1 in |2Θ1|, whih is
obtained by raising the oeients of (5.1) to the power p), one heks that K1 divides
V˜ ∗(K). Letting Q be the exat quotient V˜ ∗(K)/K1, one heks that it is a square S
2
and
that S is irreduible. 
Although the omputation does not end for the generi urve, we heked the other
assertions for a one hundred plus partiular urves in eah harateristi (p = 5 and 7),
randomly hoosing the oeients k01, k10, k11 in Fp10. The following pattern arises, with
no exeption one put aside the (non-relevant) ases ontraditing the inequalities (5.3).
The base lous of V˜ is ontained, sheme-theoretially, in the singular lous of H , whih
is 0-dimensional and has total length 96 (resp. 304) in harateristi 5 (resp. 7). This
singular lous is itself in the stable lous of SX1 as well as in the inverse image of the sin-
gular points of KumX whih again denes a 1-dimensional subset of H . The inlusion of
the base lous of V˜ in the singular lous of H is strit and, unfortunately, its reduedness
is too expensive to be heked out by the omputation.
Of ourse, one would like to nd a geometri (and harateristi free) proof of these
fats that we believe are true for any general urve and any odd harateristi.
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